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Abstract: A system of the scalar field coupled minimally to the vector potential is quantized by
using canonical path integral formulation based on Hamilton-Jacobi treatment. The equation of
motions are obtained as total differential equation and the integrability conditions are examined.
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1. Introduaction
Dirac approach [1,2] is widely used for quantizing the constrained Hamilton systems.
The path integral is another approach used for the quantization of constrained systems
of classical singular theories which is initiated by Faddeeve [3]. Faddeeve has applied this
approach when only first-class constraints in the canonical gauge are present. Senjanovic
[4] generalized Faddeev’s method to second-class constraints. Fradkin and Vilkovisky
[5,6] rederived both results in a broader context, where they improved procedure to the
Grassman variables. Gitman and Tyutin [7] discussed the canonical quantization of sin-
gular theories as well as the Hamiltonian formalism of gauge theories in an arbitrary
gauge.
The Hamilton-Jacobi approach [8-10] is most powerful approach for treating con-
strained systems. The equations of motion for singular system are obtained as total
differential equations in many variables. The integrability conditions for the system lead
us to obtain the canonical reduced phase-space coordinates without using any fixing con-
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ditions . Muslih and Gu¨ler’s have constructed the desired path integral in the context of
canonical formalism [11-14], which is based on the Hamilton-Jacobi approach.
In this paper, we shall treat the scalar field coupled minimally to the vector potential
as constrained system. The path integral quantization is obtained using both Hamilton-
Jacobi approach and Faddeeve approach and the results are compared.
2. Path Integral Formulation
In this section, we briefly review the Faddeeve method and the Hamilton-Jacobi
method for studying the path integral for constrained systems.
2.1 Fadeeve Pop Method
Consider a mechanical system with n degrees of freedom and having α first-class con-
straints φα, but no second-class constraints, Fadeeve has formulated the transition am-
plitude as [3]
〈Out | S | In〉 =
∫
exp
[
i
∫ ∞
−∞
(piq˙i −H0) dt
]∏
t
dµ(qi(t), pi(t)), (1)
where H0 is the Hamiltonian of the system. The measure of integration is defined by
dµ(q, p) =
(
α∏
a=1
δ(χa)δ(φa)
)
det||{χa, φa}||
n∏
i=1
dpi dq
i. (2)
and χa(pi, qi) are the gauge-fixing condition with
1. {χa, χa′} = 0,
2. det||{χa, φa}|| 6= 0.
2.2 Hamilton-Jacobi Path Integral Quantization
One starts from singular Lagrangian L ≡ L(qi, q˙i, τ), i = 1, 2, . . . , n, with the Hess matrix
Aij =
∂2L(qi, q˙i, τ)
∂q˙i ∂q˙j
i, j = 1, 2, . . . , n, (3)
of rank (n − r), r < n. Then r momenta are dependent. The generalized momenta pi
corresponding to the generalized coordinates qi are defined as
pa =
∂L
∂q˙a
, a = 1, 2, . . . , n− r, (4)
pµ =
∂L
∂q˙µ
, µ = n− r + 1, . . . , n. (5)
The singular value of the system enables us to solve Eq.(4) for q˙a as
q˙a = q˙a(qi, q˙µ, pb; τ) ≡ wa. (6)
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Substituting Eq. (6), into Eq. (5), we get
pµ =
∂L
∂q˙µ
∣∣∣∣
q˙a≡ωa
≡ −Hµ(qi, q˙µ, pa; τ). (7)
Relations (7) indicate the fact that the generalized momenta Pµ are independent of Pa
which is a natural result of the singular nature of the Lagrangian.
The canonical Hamiltonian H0 is defined as
H0 = −L(qi, q˙µ, q˙a ≡ wa; τ) + paq˙a + Pµq˙µ
∣∣∣∣
pµ=−Hµ
. (8)
The set of Hamilton-Jacobi Partial Differential Equations (HJPDE) is expressed as
H ′α
(
τ, qµ, qa, pi =
∂S
∂qi
, p0 =
∂S
∂τ
)
= 0, α = 0, n− p+ 1, . . . , n, (9)
where
H ′α = pα +Hα , (10)
The equations of motion are obtained as total differential equations in many variables
as follows:
dqr =
∂H ′α
∂pr
dtα, r = 0, 1, . . . , n, (11)
dpa = −∂H
′
α
∂qa
dtα, a = 0, . . . , n− p, (12)
dpµ = −∂H
′
α
∂qµ
dtα, α = 0, n− p+ 1, . . . , n, (13)
dZ =
(
−Hα + pa∂H
′
α
∂pa
)
dtα, (14)
where Z = S(tα, qa) being the action. The set of Eqs. (11-14) are integrable if
dH ′α = 0, α = 0, n− p+ 1, . . . , n. (15)
If conditions (15) are not satisfied identically, one may consider them as new constraints
and a gain test the integrability conditions, then repeating this procedure, a set of con-
ditions may be obtained.
In this case the path integral representation may be written as [11-14].
〈Out | S | In〉 =
∫ n−r∏
a=1
dqadpa exp
[
i
∫ t′α
tα
(
−Hα + pa∂H
′
α
∂pa
)
dtα
]
, (16)
One should notice that the integrate (16) is an integration over the canonical phase-space
coordinates qa, pa.
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3. The Scalar Field Coupled Minimally to the Vector Potential
Consider the action integral for the scalar field coupled minimally to the vector
potential as
S =
∫
d4x L, (17)
where the Lagrangian L is given by
L = −1
4
Fµν(x)F
µν(x) + (Dµϕ)
∗(x)Dµϕ(x)−m2ϕ∗(x)ϕ(x), (18)
where
F µν = ∂µAν − ∂νAµ, (19)
and
Dµϕ(x) = ∂µϕ(x)− ieAµ(x)ϕ(x). (20)
Let us first discuss the system using Hamilton-Jacobi approach. In this approach the
canonical momenta (4) and (15) take the forms
pii =
∂L
∂A˙i
= −F 0i, (21)
pi0 =
∂L
∂A˙0
= 0, (22)
pϕ =
∂L
∂ϕ˙
= (D0ϕ)
∗ = ϕ˙∗ + ieA0ϕ∗, (23)
pϕ∗ =
∂L
∂ϕ˙∗
= (D0ϕ) = ϕ˙− i eA0 ϕ, (24)
From Eqs. (21), (23) and (24), the velocities A˙i, ϕ˙
∗ and ϕ˙ can be expressed in terms
of momenta pii, pϕ and pϕ∗ respectively as
A˙i = −pii − ∂iA0, (25)
ϕ˙∗ = pϕ − ieA0ϕ∗, (26)
ϕ˙ = pϕ∗ + ieA0ϕ. (27)
The canonical Hamiltonian H0 is obtained as
H0 =
1
4
F ijFij − 1
2
piipi
i + pii ∂iA0 + pϕ∗pϕ + ieA0ϕpϕ
− ieA0ϕ∗pϕ∗ − (Diϕ)∗(Diϕ) +m2ϕ∗ϕ. (28)
Making use of (9) and (10), we find for the set of HJPDE
H ′0 = pi4 +H0, (29)
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H ′ = pi0 +H = pi0 = 0, (30)
Therefore, the total differential equations for the characteristic (11-13) are obtained as
dAi =
∂H ′0
∂pii
dt+
∂H ′
∂pii
dA0,
= −(pii + ∂iA0) dt, (31)
dA0 =
∂H ′0
∂pi0
dt+
∂H ′
∂pi0
dA0 = dA0, (32)
dϕ =
∂H ′0
∂pϕ
dt+
∂H ′
∂pϕ
dA0,
= (pϕ∗ + ieA0ϕ) dt, (33)
dϕ∗ =
∂H ′0
∂pϕ∗
dt+
∂H ′
∂pϕ∗
dA0,
= (pϕ − ieA0ϕ∗) dt, (34)
dpii = −∂H
′
0
∂Ai
dt− ∂H
′
∂Ai
dA0,
= [∂lF
li + ie(ϕ∗∂iϕ+ ϕ∂iϕ∗) + 2e2Aiϕϕ∗] dt, (35)
dpi0 = −∂H
′
0
∂A0
dt− ∂H
′
∂A0
dA0,
= [∂ipi
i + ieϕ∗pϕ∗ − ieϕ pϕ] dt, (36)
dpϕ = −∂H
′
0
∂ϕ
dt− ∂H
′
∂ϕ
dA0,
= [(
−→
D · −→Dϕ)∗ −m2ϕ∗ − ieA0pϕ] dt, (37)
and
dpϕ∗ = −∂H
′
0
∂ϕ∗
dt− ∂H
′
∂ϕ∗
dA0,
= [(
−→
D · −→Dϕ)−m2ϕ+ ieA0pϕ∗ ] dt.
(38)
The integrability condition (dH ′α = 0) implies that the variation of the constraint H
′
should be identically zero, that is
dH ′ = dpi0 = 0, (39)
which lead to a new constraint
H ′′ = ∂ipii + ieϕ∗pϕ∗ − ieϕ pϕ = 0. (40)
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Taking the total differential of H ′′, we have
dH ′′ = ∂idpii + iepϕ∗dϕ∗ + ieϕ∗dpϕ∗ − ieϕ dpϕ − iepϕ dϕ = 0. (41)
Then the set of equations (31-38) is integrable. Therefore, the canonical phase space
coordinates (ϕ, pϕ) and (ϕ
∗, pϕ∗) are obtained in terms of parameters (t, A0).
Making use of Eqs.(14) and (28-30), one gets the canonical action integral as
Z =
∫
d4x(−1
4
〉F ijFij − 1
2
〉piipii + pϕpϕ∗ + −→Dϕ∗ · −→Dϕ + m2|ϕ|2), (42)
where −→
D =
−→5 + ie−→A. (43)
Now the path integral representation (16) is given by
〈out|S|In〉 =
∫ ∏
i
dAi dpii dϕ dpϕ dϕ
∗ dpϕ∗〉exp
[
i
{∫
d4x
(−1
2
piipi
i − 1
4
F ijFij + pϕpϕ∗ + (Diϕ)
∗(Diϕ)−m2ϕ∗ϕ)
}]
. (44)
To apply the Faddeeve method to the pervious system, we start with the total Hamil-
tonian
HT =
1
4
F ijFij − 1
2
piipi
i + pii ∂iA0 + pϕ∗pϕ + ieA0ϕpϕ
− ieA0ϕ∗pϕ∗ − (Diϕ)∗(Diϕ) +m2ϕ∗ϕ+ λpi0. (45)
According to Dirac’s method, the time derivative of the primary constraints should be
zero, that is
H˙ ′ = {H ′, HT} = ∂ipii + ieϕ∗pϕ∗ − ieϕ pϕ ≈ 0, (46)
which leads to the secondary constraints
H ′′ = ∂ipii + ieϕ∗pϕ∗ − ieϕ pϕ ≈ 0. (47)
There are no tertiary constraints, since
H˙ ′′ = {H ′′, HT} = 0. (48)
By taking suitable linear combinations of constraints, one has to find the first-class one,
that is
Φ = H ′ = pi0. (49)
The equations of motion read as
A˙i = {Ai0, HT} = −(pii + ∂iA0), (50)
A˙0 = {A0, HT} = λ, (51)
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ϕ˙ = {ϕ,HT} = (pϕ∗ + ieA0ϕ), (52)
ϕ˙∗ = {ϕ∗, HT} = (pϕ − ieA0ϕ∗), (53)
p˙ii = {pii, HT} = ∂lF li + ie(ϕ∗∂iϕ+ ϕ∂iϕ∗) + 2e2Aiϕϕ∗, (54)
p˙i0 = {pi0, HT} = ∂ipii + ieϕ∗pϕ∗ − ieϕ pϕ, (55)
p˙ϕ = {pϕ, HT} = (−→D · −→Dϕ)∗ −m2ϕ∗ − ieA0pϕ, (56)
p˙ϕ∗ = {pϕ∗ , HT} = (−→D · −→Dϕ)−m2ϕ+ ieA0pϕ∗ . (57)
We will contact ourselves with a partial gauge fixing by introducing gauge constraints
for the first-class primary constraints only, just to fix the multiplier λ in Eq.(45). Since
there are weakly vanishing, a gauge choice near at hand would be:
φ′ = A0 = 0. (58)
But for this forbids dynamic at all, since the requirement A˙0 = 0 implies λ = 0.
Making use of Eq.(1), we obtain the path integral quantization
〈out|S|In〉 =
∫
exp
[
i
∫ +∞
−∞
(−1
2
〉piipii − 1
4
〉F ijFij + pϕpϕ∗
+
−→
Dϕ∗ · −→Dϕ−m2|ϕ|2
]
d4x dAi dpii dϕ dpϕ dϕ
∗ dpϕ∗ . (59)
We showed that Eq.(44) and Eq.(59) are identical.
4. Conclusion
Path integral quantization of the scalar field coupled minimally to the vector potential is
obtained by using the canonical path integral formulation [11-14]. The integrability con-
ditions dH ′0 and dH
′ are satisfied, the system is integrable, hence the path integral is ob-
tained directly as an integration over the canonical phase space coordinatesAi, pii, ϕ, Pϕ, ϕ
∗
and pϕ∗ without using any gauge fixing conditions.
The Hamilton-Jacobi quantization is simpler and more economical. Also there is no
need to distinguish between first and second-class constraints, and there is no need to
introduce Lagrange multipliers; all that is needed is the set of Hamilton-Jacobi partial
differential equations and the equations of motion. If the system is integrable then one
can construct the canonical phase space.
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